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Abstract
In this Note, we present some existence results of the Oseen equations set in R3 proved in a previous work. In
order to control the behavior at infinity of functions, we use as functional framework weighted Sobolev spaces.
The asymptotic of some solutions is then studied.
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1. Introduction
A first step in the understanding of the Navier–Stokes equations describing the flow of a viscous and
incompressible fluid past a body is to investigate similar linearized problems. In [3] (see also [10]), the
following Oseen approximation is studied: given a vector field f and a function g, we look for a velocity
field u and a pressure function π satisfying
−u + ∂u
∂x1
+ ∇π = f in R3,
div u = g in R3,
(1.1)
with the condition at infinity
lim|x|→∞ u(x) = u∞, (1.2)
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where u∞ is a given constant vector. In the previous system, f is the external forces acting on the fluid.
Investigating system (1.1) in the whole spaceR3 means that we are interested in the asymptotic behavior
of solutions. For the description of this main property, the use of weighted Sobolev spaces as functional
framework is adequate. The anisotropic weight function ηαβ = (1 + |x|)α(1 + |x| − x1)β , used in [3],
reflects the behavior of the fundamental solution of Oseen (O,P) defined by:
Oi j (x) =
(
δi j − ∂
∂xi
∂
∂x j
)
Φ(x), Pi (x) = − ∂
∂xi
(
1
4π |x|
)
, (1.3)
where
Φ(x) = 1
4π
∫ (|x|−x1)/2
0
1 − e−t
t
dt.
Finn [7] is one of the first who consider, among other things, the weight function ηα0 for the behavior
at infinity of solutions of (1.1). In [5,6] and [9] the weight function ηαβ , β ≥ 0 is used for the study of
(1.1) and also for the investigation of the convolution with the fundamental solution. Another approach
using homogeneous Sobolev spaces can be found in [8], generalizing results proved by Finn [7] and
Babenko [4]. In this Note, we only consider the case β = 0, and our aim is to present some existence
results and the behavior at infinity of the solution of (1.1) proved in [3]. The paper is organized as
follows. In Section 2, we introduce the notations and the weighted Sobolev spaces. Section 3 is devoted
to the asymptotic behavior of a function belonging to weighted Sobolev spaces which allows us to give
sense to the condition (1.2). Finally, we present the existence of solutions to System (1.1).
2. Notations and functional framework
In this Note, p is a real number in the interval ]1,+∞[. The dual exponent of p denoted p′ is defined
by the relation 1/p + 1/p′ = 1. We will use bold characters for vector or matrix fields. A point in R3 is
denoted by x = (x1, x2, x3) and its distance to the origin by |x| = (x21 + x22 + x23)1/2. We denote by [s]
the integer part of s. For any j ∈ Z, P j stands for the space of polynomials of degree less than or equal
to j and Pj the harmonic polynomials of P j . If j < 0, we set by convention P j = {0}. The constant
C > 0 denotes a generic constant. We now define the weight function ρ = ρ(x) = 1 + |x| and, for
m ∈ N, α ∈ R, we set
k = k(m, p, α) =

−1 if 3
p
+ α ∈ {1, . . . , m}
m − 3
p
− α if 3
p
+ α ∈ {1, . . . , m}.
We introduce the following weighted Sobolev space,
W m,pα (R
3) = {u ∈ D′(R3); ∀λ ∈ N3, 0 ≤ |λ| ≤ k, ρα−m+|λ|(ln(1 + ρ))−1∂λu ∈ L p(R3),
k + 1 ≤ |λ| ≤ m, ρα−m+|λ|∂λu ∈ L p(R3)},
which is a Banach space equipped with its natural norm given by
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‖u‖W m,pα (R3) =
( ∑
0≤|λ|≤k
‖ρα−m+|λ|(ln(1 + ρ))−1∂λu‖pL p(R3)
+
∑
k+1≤|λ|≤m
‖ρα−m+|λ|∂λu‖pL p(R3)
)1/p
.
We also define the semi-norm
|u|W m,pα (R3) =
(∑
|λ|=m
‖ρα∂λu‖pL p(R3)
)1/p
.
We refer for instance to [1] for the use of the space W m,pα (R3). All the local properties of W m,pα (R3)
coincide with those of the classical Sobolev space W m,p(R3). The space D(R3) is dense in W m,pα (R3).
We have P	 ⊂ W m,pα (R3) with 	 = [m − 3/p − α] if 3/p + α ∈ Z− and 	 = m − 1 − 3/p − α
otherwise. We denote by W−m,p
′
−α (R3) its dual space. One of the main properties of W
m,p
α (R
3) is the
following Hardy-type inequality (see [1]),
∀u ∈ W m,pα (R3), inf
λ∈P j ′
‖u + λ‖W m,pα (R3) ≤ C|u|W m,pα (R3), (2.1)
where j ′ = inf(	, 0). Inequality (2.1) is the reason for introducing logarithmic weights in the definition
of the space for the values of p, α, m such that 3/p + α ∈ {1, . . . , m}. In what follows, we will use the
space W m,pα (R3) for the cases m = 1, 2. We now define the following anisotropic weighted space,
W˜ 1,p0 (R
3) =
{
v ∈ W 1,p0 (R3),
∂v
∂x1
∈ W−1,p0 (R3)
}
,
which is a Banach space for the following norm:
‖v‖W˜ 1,p0 (R3) = ‖ρ
−1u‖L p(R3) +
3∑
i=1
∥∥∥∥ ∂v∂xi
∥∥∥∥
L p(R3)
+
∥∥∥∥ ∂v∂x1
∥∥∥∥
W−1,p0 (R3)
if p = 3,
‖v‖W˜ 1,30 (R3) = ‖(ln(1 + ρ))
−1ρ−1u‖L3(R3) +
3∑
i=1
∥∥∥∥ ∂v∂xi
∥∥∥∥
L3(R3)
+
∥∥∥∥ ∂v∂x1
∥∥∥∥
W−1,30 (R3)
.
The spaceD(R3) is dense in W˜ 1,p0 (R3).
3. Asymptotic behavior
The aim of this section is to give a sense to the condition at infinity (1.2). To that end, we give the
following lemma, which can be obtained by combining Lemma 5.2 and Theorem 5.1 of [8].
Lemma 3.1. Assume 1 < p < 3 and u ∈ D′(R3) such that ∇u ∈ Lp(R3). Then there exists a unique
u∞ ∈ R defined by
u∞ = 14π lim|x|→∞
∫
S2
u(σ |x|) dσ,
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where S2 is the unit sphere of R3, such that u − u∞ ∈ W 1,p0 (R3). Moreover,
u − u∞ ∈ L
3p
3−p (R3),
lim|x|→∞
∫
S2
|u(σ |x|) − u∞| dσ = lim|x|→∞
∫
S2
|u(σ |x|) − u∞|p dσ = 0,
and ∫
S2
|u(rσ) − u∞|p dσ ≤ C r p−3
∫
{x∈R3, |x|>r}
|∇u|p dx.
It is therefore reasonable to give the following sense to the condition at infinity (1.2).
Definition 3.2. A function u will be said to tend weakly to a constant u∞ at infinity, if
lim|x|→∞
∫
S2
|u(σ |x|) − u∞| dσ = 0.
Remark 3.3. (1) A straightforward consequence of Lemma 3.1 is that if 1 < p < 3 and u ∈ D′(R3)
such that ∇u ∈ Lp(R3), then the previous definition is equivalent to u − u∞ ∈ W 1,p0 (R3).
(2) Let p and q be two reals such that 1 < q < ∞ and p > 3. Given u ∈ Lq(R3) such that ∇u ∈ Lp(R3),
then u is continuous and we have
lim|x|→∞ u(x) = 0 pointwise.
Another consequence of Lemma 3.1 is for distributions such that their derivatives of second order
belong to L p(R3).
Corollary 3.4. Assume 1 < p < 3 and let u ∈ D′(R3) be such that, for any i, j = 1, 2, 3,
∂2u
∂xi∂x j ∈ L p(R3). Then there exists a unique A ∈ R3 such that ∇u+A ∈ L
3p
3−p (R3), where A is defined by
A = − 1
4π
lim|x|→∞
∫
S2
∇u(σ |x|) dσ.
Consequently, ∇u tends weakly to −A. Moreover, we have the following properties:
(i) If 3/2 ≤ p < 3, then u + A · x ∈ W 2,p0 (R3).
(ii) If 1 < p < 3/2, then there exists a unique constant b such that u + A.x + b ∈ L 3p3−2p (R3), where b
is defined by
b = − 1
4π
lim|x|→∞
∫
S2
(u(σ |x|) + A.x) dσ.
Consequently, we have u + A.x + b ∈ W 2,p0 (R3) and u + A.x + b tends weakly to zero.
4. Main results
We first introduce the following space of polynomials:
N k =
{
(λ, µ) ∈ × Pk−1,−λ+
∂λ
∂x1
+ ∇µ = 0, divλ = 0
}
.
60 C. Amrouche, U. Razafison / Applied Mathematics Letters 19 (2006) 56–62
Note that if (λ, µ) ∈ N 1, then each component of λ is a polynomial independent of x1 and µ ∈ R. By
Fourier transform one can easily prove that if (u, π) ∈ S ′(R3) × S ′(R3) satisfies (1.1), with f = 0 and
g = 0, then (u, π) is a polynomial of N k . The first existence result we present is for external forces f
belonging to Lp(R3). We first need a definition.
Definition 4.1. Given a real p, γ ∈ [3, 4], γ > p and δ ∈ [32 , 2], δ > p, we define two reals
r1 = r1(p, γ ) and r2 = r2(p, γ ) as follows:
1
r1
= 1
p
− 1
δ
and
1
r2
= 1
p
− 1
γ
.
Theorem 4.2. Assume (f , g) ∈ Lp(R3) × W˜ 1,p0 (R3).
(i) If 1 < p < 2, then Problem (1.1) has a unique solution (u, π) ∈ Lr1(R3) × W 1,p0 (R3) such that
∇u ∈ Lr2(R3), for any i, j = 1, 2, 3, ∂2u
∂xi∂x j ∈ Lp(R3) and ∂u∂x1 ∈ Lp(R3). Moreover, the following
estimate holds:
‖u‖Lr1 (R3) + ‖∇u‖Lr2 (R3) +
∥∥∥∥ ∂2u∂xi∂x j
∥∥∥∥
Lp(R3)
+
∥∥∥∥ ∂u∂x1
∥∥∥∥
Lp(R3)
+ ‖π‖W 1,p0 (R3)
≤ C
(
‖f ‖Lp(R3) + ‖g‖W˜ 1,p0 (R3)
)
.
(ii) If 2 ≤ p < 3, then Problem (1.1) has a solution (u, π) ∈ W1,r20 (R3) × W 1,p0 (R3), unique up to an
element ofN 0, such that, for any i, j = 1, 2, 3, ∂2u∂xi∂x j ∈ Lp(R3) and ∂u∂x1 ∈ Lp(R3) also satisfying
inf
K∈R3
‖u + K‖W1,r20 (R3) +
∥∥∥∥ ∂2u∂xi∂x j
∥∥∥∥
Lp(R3)
+
∥∥∥∥ ∂u∂x1
∥∥∥∥
Lp(R3)
+‖π‖W 1,p0 (R3) ≤ C
(
‖f‖Lp(R3) + ‖g‖W˜ 1,p0 (R3)
)
.
(iii) If p ≥ 3, then Problem (1.1) has a solution (u, π) ∈ W2,p0 (R3)×W 1,p0 (R3), unique up to an element
ofN 1, such that ∂u∂x1 ∈ Lp(R3). Moreover, we have
inf
(λ,µ)∈N 1
(
‖u + λ‖W2,p0 (R3) + ‖π + µ‖W 1,p0 (R3)
)
+
∥∥∥∥ ∂u∂x1
∥∥∥∥
Lp(R3)
≤ C
(
‖f ‖Lp(R3) + ‖g‖W˜ 1,p0 (R3)
)
.
The main points of the proof, which are the same for Theorem 4.5 below, will be given at the end of
this section.
Remark 4.3. (i) Note that when 1 < p ≤ 3/2, then the velocity u given by the previous theorem tends
weakly to 0. If 3/2 < p < 2, then u is continuous and tends to 0 pointwise (see Remark 3.3).
(ii) If 1 < p < 3, then we can also note that ∇u and π tend weakly to zero.
The solution of (1.1) given by the previous theorem has an explicit expression. We define the pair (U,Π )
as follows:
Ui = Oi j ∗ f j + Pi ∗ g, Π = P j ∗ f j + g − P1 ∗ g, (4.1)
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where the pair of identical indices implies summation from 1 to 3 and where (O,P) is defined by
(1.3).
Corollary 4.4. (1) If 1 < p < 2, then (U,Π ) is the unique solution given by Theorem 4.2.
(2) If 2 ≤ p < 3, then (U,Π ) is the solution given by Theorem 4.2, unique up to an element ofN 0.
(3) If p ≥ 3, then (U,Π ) is the solution of (1.1) given by Theorem 4.2, unique up to an element ofN 1.
Theorem 4.5. Let r2 be the real defined in Definition 4.1. Assume f ∈ W−1,p0 (R3) satisfying the
compatibility condition
∀λ ∈ , 〈 f ,λ〉
W−1,p0 (R3)×W1,p
′
0 (R
3)
= 0. (4.2)
Let g ∈ L p(R3), such that ∂g
∂x1
∈ W−2,p0 (R3) satisfying the compatibility condition
∀λ ∈ P[2−3/p′],
〈
∂g
∂x1
, λ
〉
W−2,p0 (R3)×W 2,p
′
0 (R
3)
= 0.
(i) If 1 < p < 4, then the Oseen system (1.1) has a unique solution (u, π) ∈ (W˜1,p0 (R3) ∩ Lr2(R3)) ×
L p(R3). Moreover, the following estimate holds:
‖u‖Lr2 (R3) + ‖∇u‖Lp(R3) +
∥∥∥∥ ∂u∂x1
∥∥∥∥
W−1,p0 (R3)
+ ‖π‖L p(R3)
≤ C
(
‖f ‖W−1,p0 (R3) + ‖g‖L p(R3) +
∥∥∥∥ ∂g∂x1
∥∥∥∥
W−2,p0 (R3)
)
.
(ii) If p ≥ 4, then (1.1) has a solution (u, π) ∈ W˜1,p0 (R3) × L p(R3), unique up to an element of N 0.
Moreover, the following estimate holds:
inf
K∈R3
‖u + K‖W˜1,p0 (R3) + ‖π‖L p(R3) ≤ C
(
‖f ‖W−1,p0 (R3) + ‖g‖L p(R3) +
∥∥∥∥ ∂g∂x1
∥∥∥∥
W−2,p0 (R3)
)
.
Remark 4.6. (i) If 1 < p < 4 (p = 3), then the previous theorem shows that u tends weakly to 0 or
pointwise. Therefore, given a constant vector u∞, then the pair (v = u + u∞, π) ∈ D′(R3) × L p(R3),
with ∇v ∈ Lp(R3), is the unique solution of (1.1) in the sense of distributions such that v tends weakly
to u∞ if 1 < p < 3 and pointwise if p > 3.
Remark 4.7. Note that if f ∈ W−1,p0 (R3) satisfies (4.2), then for any 	 = 1, 2, 3, there exists
F	 ∈ Lp(R3) such that f	 = div F	. Therefore, under the assumptions of Theorem 4.5 and as a
consequence of Corollary 4.4, the pair (U,Π ) is the solution of (1.1) given by Theorem 4.5, unique
if 1 < p < 4, and unique up to an element ofN 0 if p ≥ 4.
The approach of the proof of Theorems 4.2 and 4.5 is made of two steps.
The first step consists in proving the existence of the pressure π . Taking the divergence of the first
equation of (1.1), one can observe that the pressure satisfies
π = div f + g − ∂g
∂x1
in R3.
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The previous equation is solved by using the isomorphism results proved in [1]. In the second step, we
derive the existence of the velocity field u satisfying div u = g from the investigation of the following
scalar model (see for instance [2] or [10])
−u + ∂u
∂x1
= f in R3.
The proofs of the two theorems can be found in more detail in [3] and also in [10].
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